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We show that the entanglement of cost and entanglement
of distillation can be vague when we consider a more general
form of entanglement manipulation in which we collectively
deal with not only states of our concern but also other states.
We introduce the most general entanglement manipulation in
which the formation and distillation can be simultaneously
performed. We show that in a certain case entanglement ma-
nipulations are reversible with respect to the most general
entanglement manipulation. This broadens our scope of vi-
sion on the irreversibility of entanglement manipulations.
03.67.-a
Entanglement is a key ingrediant in quantum informa-
tion processing. Without full entanglement, we cannot
expect the exponential speedup in quantum computa-
tion over the classical one in the case of pure states [1].
In quantum communications like superdense coding [2]
and quantum teleportation [3], entanglement is indispen-
sible. At the same time the entanglement is a valuable
resource that should not be wasted, since entanglement
can only be obtained by (costly) non-local operations.
For the better understanding and manipulation of the
entangled states, we should classify them as well as pos-
sible. Quantification of the entanglement, namely the
measure of entanglement is, therefore, a central issue in
quantum information theory [4,5].
Entanglement of cost EC and entanglement of distil-
lation ED were proposed by Bennett et al. [4]. These
are an important pair of measures because they are in-
tuivitely motivated. On the other hand, irreversibility in
entanglememt manipulations is another important issue.
The question is that ’Can we distill as much entangle-
ment from a state ρ as we have consumed for the for-
mation of it, with only quantum local operations with
classical communications (LOCCs)?’. If this is the case,
we can reverse the formation process by the distillation
process without loss of entanglement. Then we can say
that the entanglement manipulation is reversible. In
finite-copies case, entanglement manipulation is shown
to be irreversible both for pure [6–8] and mixed states
[5]. However, in asymptotic case where infinitely many
identical copies are dealt with, entanglement manipula-
tion of the pure states is shown to be reversible, namely
we have EC(ρ) = ED(ρ) for pure states [9]. However,
it has been conjectured that the entanglement manipu-
lation is irreversible for mixed states even in the asymp-
totic case. Indeed it has been shown to be case in a few
examples [10–12]. It is often said that the irreversiblity
in the asymptotic manipulation implies a genuine irre-
versibility [13]. Discovery of a new genuine irreversiblity
has a large implication on natural sciences. However, the
irreversibility depends on how general the entanglement
manipulation that we consider is. In the asymptotic ma-
nipulation, we only deal with infinitely many copies of a
state that we are concerned about. That is, we do not
consider other states. However, due to (possible) non-
additivity of entanglement, we need to consider a more
general form of entanglement manipulation in which we
collectively deal with both the states of our concern and
other states. We will see how the generalization broadens
our scope of vision on irreversibility of mixed state entan-
glement manipulation [10–12]. For example, we find that
it is reversible with respect to a general entanglement
manipulation in a certain case.
This paper is organized as follows. First, we introduce
the entanglement of cost, entanglement of distillation,
and the irreversibility. Next, we show that we should
consider collective-formation and collective-distillation in
the case of mixed state. With respect to these, the entan-
glement of cost and entanglement of distillation can be
vague. Next, we consider a more general entanglement
manipulation, that of ‘the center of entanglement’. We
discuss the irreversibility with respect to the center of
entanglement; The formation and distillation processes
are reversible with respect to the center of entanglement
in a certain case.
The measure of entanglement for the bipartite pure
state |ψ〉〈ψ| is given by
E(|ψ〉〈ψ|) = S(TrB|ψ〉〈ψ|), (1)
where S(ρ) is the von Neumann entropy of ρ, i.e., S(ρ) =
−Tr(ρ log
2
ρ) and B denotes the second party of two par-
ties Alice and Bob [9].
Entanglement of cost EC of a state ρ is inf. of N/M
in the limit of large N , when we create the state by an
(approximate) transformation like
|Ψ−〉〈Ψ−|⊗N → ρ⊗M (2)
with LOCCs. Here N,M are integers and |Ψ−〉 =
(1/
√
2)(|0〉A|1〉B−|1〉A|0〉B) is one of the Bell states. En-
tanglement of distillation ED of a state ρ is sup. of N
′/M
in the limit of large N ′, when we distill the state ρ by an
(approximate) transformation like
ρ⊗M → |Ψ−〉〈Ψ−|⊗N ′ (3)
1
with LOCCs. (For more rigorous definitions see Refs.
[10,14].)
The irreversibility problem is whether it can be N =
N ′ in a manipulation
|Ψ−〉〈Ψ−|⊗N → ρ⊗M → |Ψ−〉〈Ψ−|⊗N ′ . (4)
In the case of finite numbers (N,N ′, and M) of copies,
it is irreversible or N > N ′ [5]. In the asymptotic
case where infinitely many copies are considered, how-
ever, due to (possible) non-additivity of entanglement, it
might be reversible. Recently, Vidal and Cirac [10,11]
and Matsumoto et al. [12] have shown that the asymp-
totic entanglement manipulation is irreversible, that is,
EC(ρ) > ED(ρ), for certain states ρ’s. However, the irre-
versibility of other general states is still an open problem.
However, it is due to collective-manipulation that en-
tanglement manipulation with finite copies can be differ-
ent from that with infinite copies, the asymptotic case.
Collective-manipulation is considered in the asymptotic
manipulation of the pure states [9,15]: Entanglement ma-
nipulation of a single copy of pure states is highly irre-
versible [6–8]. That is, except for local unitary opera-
tions, we lose certain amount of entanglement during the
manipulation. However, if we collectively manipulate in-
finitely many copies of pure states, the amount of the
lost entanglement is negligible. In other words, the more
general manipulation we use, the less entanglement we
lose.
In the same way, collective-formation like
|Ψ−〉〈Ψ−|⊗N → ρ⊗M1
1
⊗ ρ⊗M2
2
⊗ · · · (5)
and collective-distillation like
ρ⊗M1
1
⊗ ρ⊗M2
2
⊗ · · · → |Ψ−〉〈Ψ−|⊗N ′ . (6)
can be more advantageous than entanglement manipu-
lation where each state ρi (i = 1, 2, 3, ...) is separately
formated and distilled, respectively. For example, in a
collective-formation |Ψ−〉〈Ψ−|⊗N → ρ⊗M1
1
⊗ρ⊗M2
2
, it can
be that N < M1EC(ρ1) +M2EC(ρ2). Here EC is the
entanglement of cost that is defined with respect to sep-
arate entanglement manipulations |Ψ−〉〈Ψ−|⊗n → ρ⊗mj
(j = 1, 2). However, in these cases we can see that there
is no unique way of assigning entanglement of cost or en-
tanglement of distillation to each state ρi. In other words,
entanglement of creation and entanglement of distillation
are vague, respectively, when we deal with collective-
formation and collective-distillation of many copies of
states that include not only a state whose entanglement
of cost and entangement of distillation we want to define
but also other different states. In collective manipulation
where we deal with many copies of a state whose entan-
glement of cost and entanglement distillation we want to
define, there is no such vagueness problem. There is a
unique solution, that is, to equally assign entanglement
to each state [9]. A search for a solution for how to dis-
tribute the entanglement of cost and entanglement of dis-
tillation to different states is worthwhile. It can be that a
solution will be given by a certain kind of self-consistency
condition. The irreversibility problem now is whether we
can close the loop of the transformations in Eq. (5) and
(6), that is, whether N = N ′. This problem can be differ-
ent from that of |Ψ−〉〈Ψ−|⊗N → ρ⊗Mi → |Ψ−〉〈Ψ−|⊗N
′
.
Now let us consider the most general entanglement ma-
nipulation, namely that of ‘banks of entanglement’. Let
us assume that a pair of banks of entanglement were es-
tablished on the Earth and Mars. A pair of customers,
say E1 and M1, who are respectively on the Earth and
Mars, will make an order for banks to do certain de-
sired manipulations on their pairs of qubits at each bank.
Using the banks is advantageous because collective ma-
nipulations can possibly save entanglement, as we have
discussed. The more orders the banks gather before they
perform a big collective manipulation, the more entan-
glement they can save. Moreover, the banks can adopt
all possible form of collective manipulations like the cat-
alytic manipulation [16], Morikoshi’s [17], catalytic ma-
nipulation with unlimited amount of bound entanglement
[18–20], and the asymptotic generalization of catalytic
manipulation [21]. In fact, concept of the banks has been
implicit in previous discussions. But there was a restric-
tion that the formation and distillation are separately
performed. However, the banks of entanglement do not
have to keep the restriction. More general transformation
that the banks perform is
|Ψ−〉〈Ψ−|⊗N⊗ρ⊗M1
1
⊗ ρ⊗M2
2
⊗ · · ·
→ ρ′
1
⊗M1 ⊗ ρ′
2
⊗M2 ⊗ · · · ⊗ |Ψ−〉〈Ψ−|⊗N ′ , (7)
where formation and distillation are performed simulta-
neously.
Now let us consider the irreversibility problem. A cer-
tain customer will give the banks an order for formation
of a state ρ1 from the Bell states. The other will give
the banks an order for distillation of the Bell state from
another state ρ2. Assuming a lot of customers who have
different orders, we can introduce distribution functions
P fi and P
d
i for each state ρi (i = 1, 2, 3, ...). Here P
f
i
and P di are frequencies that formation and distillation of
a state ρi is ordered, respectively. Let us consider a case
in which P fi = P
d
i . Here what the banks have to do is
only to appropriately re-distribute the qubits to the cus-
tomers. Thus it is obviously reversible. It is not that
we can always get the best case. However, even when
the distribution functions are not the same but only par-
tially overlap, the amount of lost entanglement will be
decreased.
In conclusion, the irreversibility in entanglement ma-
nipulations is dependent upon how general manipulation
we deal with. We need to consider a more general form of
entanglement manipulation in which we collectively deal
with not only states of our concern but also other states.
With respect to the general manipulation, the entangle-
ment of cost EC and distillation ED can be vague. We
introduced the most general entanglement manipulation,
namely that of the banks of entanglement, in which the
2
formation and distillation do not have to be separatedly
performed. We showed that in a certain case entangle-
ment manipulations are reversible with respect to the
most general entanglement manipulation. This broadens
our scope of vision on the irreversibility of entanglement
manipulations.
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